ON A UNIFORMLY DISTRIBUTED PHENOMENON IN 

MATRIX GROUPS 
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Abstract. We show that a classical uniformly distributed phenome- 
, non for an element and its inverse in (Z/nZ)* also exists in GL„(Fp) 

and SL„(Fp). A GL„(Fp) analog of the uniform distribution on modular 
hyperbolas has also been considered. 
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1. Introduction 



The distance between an element x G {'L/nL)* and its inverse (mod n) 
■ has been studied by many authors [H IH El El [121 113] • Shparhnski [TU] gave 
^ . a survey of a variety of recent results about the distribution and some geo- 
^ \ metric properties of points (x,?/) on modular hyperbolas xy ^ a (mod n). 
d ' Denote by {x} the fractional part of a real number x. Let 



/„ : {Z/nZy ^ [0, 1] X [0, 1] 
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I By using the Erdos-Turan-Koksma inequality and the Weil-Estermann 

^ ' inequality for Kloosterman sum, Beck and Khan [T] gave an elegant proof 
^ ■ for the following classical result. 

^ ' Theorem 1.1. Let R C [0, 1]^ be a measurable set having the following prop- 
erty that for every e > 0, there exist two finite collections of non-overlapping 
rectangles Ri, . . . ,Rk and R^, . . . , i?' such that uf^iRi C i? C u'-j^iR^ , 
■ area [R \ Uf^^i^j) < e and area (u^-^^i?-' \R) < e. Then 

b; cardinality(Image(/„) n /?) 
- - - lim -— = area [Rj . 

Remark 1.2. Notice that, our statement of the above theorem is slightly 
different from the statement in Beck and Khan [1]. The statement in [1] is 
as follows: 

"Let R C [0, 1]^ be a measurable set having the following property that 
for every e > 0, there exists a finite collection of non-overlapping rectangles 
i?2, • • • , Rk] such that yJl^iRi C R and area {R \ U^=iRi) < e. Then 

cardinality(Image(/„) (1 R) „ 

lim = area (R) 

(p[n) 



n—^oo 



(see Theorem 2 of [T]). 
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The original assumption should be strengthened. Otherwise there is a 
counterexample as follows: 

Let Ri = [0,1/2)2 g^^^ ^ |(^^^^) ^ [Q^^j2 I ^ qy Denote by 

R = Ri U i?2- Since area(-R2) = 0, we have area(i?) = area(i?i) = 1/4. 
So i? satisfies the conditions in the statement of Theorem 2 in [Ij. Since 
the image of /„ are rational points in [0, 1]^ and R contains all the rational 
points in [0, 1]^, we have Image(/„) Hi? = Image(/„) for any positive integer 
n, thus 

J. cardinality ( Image (/„) Hi?) ^ 

But area(i?) = area(-Ri) = 1/4, so 

cardinality(Image(/„) n i?) 
hm 7^ area [R) . 

Notice that, the new conditions in Theorem II. H are quite natural. Numer- 
ous types of regions satisfy the conditions of Theorem 11.11 such as polygons, 
disks, annuli lying in the unit square. 

Beck and Khan lU p. 150] remarked that: "In all likelihood this theorem 
dates back to the late 20's and early 30's and was known to mathematicians 
such as Davenport, Estermann, Kloosterman, Salie." 

Let ¥p = Z/pZ = {0, 1, ... ,p — 1} be the finite field with p elements, 
M„(Fp) be the set of all nxn matrices over Fp, GL„(Fp), SL„(Fp) and Z„(Fp) 
be the group of invertible matrices, the group of matrices of determinant 1 
and the set of singular matrices, respectively, where all matrices are from 
M,(Fp). 

In this paper, by using Ferguson, Hoffman, Luca, Ostafe and Shpar- 
linski [5]'s recent result for the matrix analogue of classical Kloosterman 
sums (see Lemma H?T] below) . we show that the above mentioned uniformly 
distributed phenomenon also exists in GL„(Fp). 

For A = (o^) G GLn(¥p), A~^ = denotes the inverse of A. 

Let 

(1.1) 9p : GL„(Fp) ^ [0, 1] X [0, 1] ■ ■ ■ X [0, 1] 

fell feln \ 

p , . . . , p 
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In fact, we prove the following theorem. 
Theorem 1.3. Let R C [0, 1]^"^ be a measurable set having the follow- 
ing property that for every e > 0, there exist two finite collections of non- 
overlapping rectangles Ri, . . . ,Rk and i?^, . . . , i?' such that U^^^Ri <Z R C 
U\^iR^, area [R \ V^^^iRi) < e and area {^\=iR^ \R) < e. Then 
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cardinality(Image((7p) n i?) 
lim , . = area [R) . 

Remark 1.4. A GL„(Fp) analogy of the uniform distribution on modular 
hyperbolas can also be established using the same procedure for the proof 
of the above theorem (see Remark 13.11 below). 



Furthermore, let 
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hp : GL„(Fp) [0, 1] X [0, 1] • • ■ X [0, 1] 
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Sp : SL„(Fp) ^ [0, 1] X [0, 1] ■ ■ ■ X [0, 1] 
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Using the same methods, and Ferguson, Hoffman, Luca, Ostafe and Sh- 
parlinski [5]'s results for the character sum estimations along Z„(Fp) and 
SL„(Fp) (see Lemmas 12.21 12.3 1 and 12.41 below), we can also obtain the fol- 
lowing two results. 

Theorem 1.5. Let R C [0, 1]"^ he a measurable set having the same property 
as in Theorem \1.3[ Then 



cardinality(Image(/ip) n i?) 
lim //pT (Tff \ = area [R) 



Theorem 1.6. Assumption as above, then 

cardinality(Image(sp) fl R) 

#SL„(Fp) 

2. Preliminaries 



lim 

p— >oo 



area (i?) . 



We need some lemmas to prove the main theorems. 
First, we recall some results in [5]. 



Given two matrices U 
defined by 



{uij),X 



G M„(Fp), their product is 



U-X 



l<i<n 



VjijXij 
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(see la p. 503]). 

Let g be a power of a prime number, \l/ be a fixed nonprincipal additive 
character of ¥g. For M,U,V e M„(¥g), let 

be the matrix analogue of classical Kloosterman sums (see [SI P- 505]) and 
5(GL„(F,),t/)= Yl "^(U-X), 

XGSL„(Fq) 

The authors in [5] obtained the following results. 

Lemma 2.1. (see |5l p. 505]^ Uniformly over all matrices U,V & M„(Fg) 
among which at least one is a nonzero matrix, and Ai G GL„(Fq), we have 

ir(GL„(F,),f/,V,A^)«g"'-V2, 

where the implied constant in the symbol " ^ " depends only on n. 
Lemma 2.2. (see [5t p. 503]^ Uniformly over all nonzero matrices U G 
Mn{¥q), we have 

S(Z„(F,),f/)=0(g"'-5/2), 

where the implied constant in the symbol "O" depends only on n. 
Lemma 2.3. Uniformly over all nonzero matrices U G M„(Fq), we have 

^(GL„(F,),f/) = 0(g"'-^/2), 

where the implied constant in the symbol "O" depends only on n. 

Proof. For any nonzero matrix U G M„(Fg), '^{X) = \l/(t/ ■ X) is also a 
nontrivial additive character on M„(Fg), so we have 

5(Z„(F,), U) + S{GK{¥g), U)= Y ■ ^) = 0. 

From Lemma [2. 2 1 we obtain the result. □ 

\i Ui ■ Xi, . . . ,Un ■ Xn are all nonzero, then -ft'(X, [/, V) is the Hyper- 
Kloosterman Sum. Delinge proved that it has bound ©(g'-""^^/^) (see Ex- 
ample 2 in [7|). 

Using Delinge's bound on Hyper-Kloosterman sum (see Example 2 in [7|), 
we give an alternative proof of the following Lemma of |5|. 
Lemma 2.4. (see [5l p. 504] j Uniformly over all nonzero matrices U G 
Mn{¥q), we have 

5(SL„,(F,),f/) = 0(g'^'-2), 
where the implied constant in the symbol "O" depends only on n. 
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Proof. 

S{SLn{¥,),U) 

' AiA2...A„=lXeSL„(F,) \ \ y 

" 5Z / _x)n-i ■ 5Z ^(Aitii ■ a:;i + . . . + A„U2 ■ a;„,), 

XgSL„(Fg) AiA2...A„=l 

where itj and the i-th row of U and X, respectively, with \ <% <n. 

Let 

AiA2...A„=l 

If "Ui-a;!, . . . , Un-Xn are all nonzero, then U) is the Hyper-Kloosterman 
Sum. Delinge proved that (see Example 2 in ^), 

If one of Ui ■ Xi, ... ,Un ■ Xn is zero but not all of them are zero, say, 
Un ■ Xn is zero, then K{X, U) equals to 

^{Xiui ■ xi) ^(Aans ■ X2) . . ^{^2Un-i ■ x^-i). 

Ai A2 A„_i 

Since at least one factor of the above product is —1, we have 

K{X, U) < 

\l ui-Xi, . . . ,Un-Xn are all zero, we have no cancellation, i.e., K{X., U) = 
{q — 1)"'"^ But the number of such X G SL„(Fg) are bound by 0(g""^). 
Moveover, we have #SL„(Fp) = + 0{p'^'-^). 

Summering all above up, we prove that 

S(SL„(F,),f/) = 0(g"'-2). 

□ 

Remark 2.5. Recently, we obtained explicit expressions of S{GLn{¥q),U) 
and S'(SL.„(Fg), f/).(See [2] Theorem 2.1 and Theorem 2.2). Such expressions 
only involve Gauss sums and Kloosterman sums. As a consequence, we got 

5(GL„(F,),f/) = 0(g"'-"), 

S{SL4¥,),U) = 0(g"'-") = 0(max{g"'-"-\g("'-i)/2}). 

Next we recall Erdos-Turan-Koksma's inequality for the discrepancy of 
sequences. 

Let B = [ai, 61) x ■ ■ ■ x [a^, bk) C [0, 1)'^ be a rectangle, be a sequence 
in [0, 1)'^, and A{B, N, a;„) be the number of points Xn, I < n < N, such 
that Xn G B, i.e. 

N 

A{B,N,Xn) = Y,XB{Xn), 

n=l 

where xb is the characteristic function of B. 
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Definition 2.6. (see JW^ p. 4] or ^ P-62]) Let {xi, . . . ,Xn} be a finite 
sequence of points in [0, 1)^. Then the number 

Dn = Dn{xi, Xn) = supBc[o,i)fc area(5) 

is called the discrepancy of the given sequence, where B runs over all rect- 
angles located in [0, 1)'''. 

Set e(x) = exp(27rza;) and denote the usual inner product in M'^ by a:; ■ y = 
Ei=i XiYi- 

The Erdos-Turan-Koksma inequality provides an upper bound for the 
discrepancy. 

Lemma 2.7. (see [3, p. 15] or |S1 p. 63] j Let {xi, . . . , ajjv} be a finite se- 
quence of points in [0, 1)'^ and H an arbitrary positive integer. Then 

/3\V 2 1 I 1 A 



r{h)\N 

0<\\h\\ao<H 



n=l 



where r{h) = J^^^-,^ max{l, and ||^||oo = niax{ \hi\ \1 < i < k}, for 

h = ihi,...,hk) e 1}. 

3. Proofs of main results 
Proof of Theorem II. 3t 

We only need to prove the case that R = [ai, hi) x ■ ■ ■ x [a^, bk) C [0, 1)*^ 
is a rectangle. The reason is as follows: 

Assume the theorem holds for R being a rectangle. Let Rhe a. measurable 
set as in the assumptions. For every e > 0, let _Ri, . . . , i^^ and i?^, . . . , i?' be 
two finite collections of non-overlapping rectangles such that 
(3.1) 

Uti Ri<^R<^ ^]=iR\ area {R \ U^i^i) < e and area {u^^iW \R) <e. 

Then 
(3.2) 

k I 

area {R-i) < area {R) < area (i?-') , 

A #(Image(^p) nfij) ^ #(Image(^p) r\ R) ^ #(Image(^p) n R^) 
^ #GL„(Fp) - #GL„(Fp) #GL„,(Fp) ' 

Taking p sufficiently large, the left hand (resp. right hand) sides of the above 
two inequalities are sufficiently close, i.e, there exists M such that if p > M 
then 

<e, 



(3.3) 



#(Image(^p) f] Ri) ^ 
S #GL„(Fp) g-^^^^^) 

^ #(Image(^p)ni?^) . . 

^ #GL„(Fp) 2.area(i?j 
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From inequalities (13. ip . fl3.2p and flS.Sp . for p > M, we have 
# (Image (^p) n R) 



#GL„(F, 



— area(i?) 



#(Image(^p) n W) 
#GL„,(FJ 



area(i?) 



Yl ^''^^^GL^(F^^ ^ ~ ^ area(i?j) + ^ area(/?j) - area(R) 



< 2e. 



Similarly, 



Thus 



# (Image (^p) n R) 



#GL„(F, 



area(-R) 



< 2e. 



This implies that 



cardinality(Image((7p) n -R) 
lim j/pT /TR, \ = area [R) . 

Now we prove the fundamental case in which R is the rectangle 
[ai,6i) X ■ ■ ■ X [ak,h). 

In Lemma [2n viewing the points x in Image(5fp) as a sequence in [0, 1)* 
where N = #GLn(Fp) and k = 2n^, we have 

cardinality(Image((7p) fl R) 



(3.4) 



#GL„(Fp 



H 



1 + r(h 



— area(i?) 
1 



o<\\h\\^<H 



(h) #GL„(Fp 



where r{h) = Yli<i<n max{l, for 

i<i<" 



^ /ill, ■ ■ ■ ; ^In; ^(n+l)l; 
/l21, . . . , h2n, h(^n+2)l, 



1) 



; hnni ^(2n)l5 



a3Glmagc(gp) 



h(n+l)n \ 
h(n+2)n 

h(2n)n) I 



in T? 



From the definition of g^^ we have 

e(^ ■ = e( ^ ^ • /li, + 5^ ^ ■ /^(nH 

l<j<n ^ l<i<n ^ 



l<i<n 
l<i<" 



l<i<ra 
l<j<n 
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where ep{z) = exp{2niz/p). 

If {hij,p) = p, for any then r(/i) = ni<'«<'i max{l, \hij\} > p, thus 



(3.6) 



1 



r{h) #GL„(Fp) 



i<i<" 

£CeImagc(gp) 



1 1 

< - < 



1/2- 



If {hij,p) = 1, for some in Lemma l^TTl take Ai = I,U = {hi 



j)l<i<n 

i<i<" 



V 



{hfn+i)j)i<i<n, X = A, and at least one of U,V is a nonzero matrix, we have 

i<i<" 

(3.7) 

a;Glmage(gp) A=(a77)GGL„(Fp) l<i<n l<i<n 

= ir(GL„(Fp),t/,\/,M) 



n2-l/2 



since #GL„(Fp) = p"^ + 0(p"^~-'^), from (13. 7p . we have 



(3.8) 

Notice that 
(3.9) 



rih) #GL„(Fp 



a; 



a;Glmage(gp) 



1/2' 



From (EH), (ES]), (ESD, (EID, and taking if = Lj9i/(2(2nHi))j ^ 
cardinality(Image(5'p) fl R) 



#GL„(F, 



— area(i?) 



(3.10) 



ii + l 
1 



2n^ ^ 
pl/2 



l/(2(2n2+l)) ' 



P 



Letting limp_j,oo in (I3.10p . we get our result. 
Remark 3.1. For any fixed C = (o^j) G GL„(Fp), we consider the matrix 
equation BA = C, where A = (o^y), B = (6^) in GL„(Fp). 

Let 



(3.11) 



~gp : GL,(Fp) ^ [0, 1] x [0, 1] ■ ■ ■ x [0, 1] 



A = {ttij) 


/ an 
p ' ■ 

021 

p ' • 


Oln 
■ ' p 

02n 
• ' p 




Onl 
\ P ' ■ 


• ' p 



2n2 




&11 


&ln 


P ' ■ 


■ 5 p 


&21 


&2n 


P ' • 


• ' p 


&nl 


h 


P ' • 


• ' p 



The same procedure can show Theorem 11.31 is also established for Qp. The 
only change is that we take A4 = C,U = {hij)i<i<n, V = (/i(n+i)j)i<i<n and 
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X = A in Lemma 14.11 This can be viewed as a GL„(Fp) analogy of the 
uniform distribution on modular hyperbolas. 

Proof of Theorem II. 5t 



The method is exactly the same as in Theorem II. 3 [ except that we replace 
the estimation of K{GLn(¥p), U, V, Ai) by the estimation of 5'(GL„(Fp), U) 
(see Lemma [2731) . 

Proof of Theorem II. 6t 

The method is exactly the same as in Theorem II. 3 1 except that we replace 
the estimation of -ft'(GL„(Fp), U, V,Ai) by the estimation of S'(SL„(Fp), U) 
(see Lemma EID and notice that #SL„(Fp) = + 0(p"'-3)_ 

4. Questions on Special Linear groups 
In this section, we discuss the following questions: 

Is the image of SL„(Fp) under Qp (see (11.11) ). uniformly distributed in 

[0,1] 2"'? 

In the sequel, we will show that for n < 2, the answer is negative. For 
n > 3, we prove it is true. 
The case n = 1 is trivial. 
For n = 2, since 

d b \ ^ f d —b \ , f d h 



^ ^ I hii, hi2, his, hu I ^ ^8 



one can easily find a nonzero vector 

hii, hi2 

h2l, h22, h23, /i24 

such that 

X I— )■ e{h ■ x) = 1, for all x E (7p(SL2(Fp)). 

For example, take arbitrary nonzero h with hu + h24 = 0, hi2 — hn = 0, 
his + /i22 = and h2i - /i23 = 0. 
Hence 

1™ lI^T~7mM Yl e(/i-a;)^/ e{h-x)dx. 

P^oo #SL2(Fp) yfo.ilB 



This implies that the image of SL2(Fp) under gp is not uniformly distributed, 
that is. Theorem 11.31 does not hold for SL2(Fp). 

For the case n > 3, the element and its inverse of SL„(Fp) is uniformly 
distributed. The reason is as follows. 

The uniform distributed property of SL2(Fq) relies on the estimation of 
the following exponential sum 

K{SK{¥g),U,V)= Yl "^{U-X + V-X-') 

XGSL„(F„) 

where U,V E M„(Fq), at least one of which is nonzero. 
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Lemma 4.1. Letn > 3. Uniformly over all matrices U,V E M„(Fg) among 
which at least one is a nonzero matrix, we have 

X(SL„(F,),^/,\/)«g"'-^ 

where the implied constant in the symbol " ^ " depends only on n. 

Proof. First assume n — 2m is even, where m > 2. Since at least one of 
[/, V is nonzero, without loss generality, we can assume the first row of U 
is not zero. Let B e Mj„(Fq) be a m x m square matrix. We have 

Im B \ ^ f -B 



Then 
(4.1) 

i^(SL„(F,),[/,V^) 



BeM„(Fq)XeSL„(F, 

= J2 "^(U ■ X + V ■ x-^) 

XeSL„{Fg) 



For 1 < i < n, let Ui be the i-th row of U, Vi the i-th column of V, Xi 
the i-th row of X, and xf^ the i-th column of X~^ . Below, we will use the 
notation Wj • Xi and Vi-Xi~^ to represent the standard inner vector product. 
We have 



(2m 2m 
Ui ■ ^ hijXj + ... + Um- ^ h 
, „ j=m+l i=m+l 



m m 

H 2m 



i=l i=l 

(m 2m 
Y {ui- Xj - Vj ■ xr^) X bij 
j=l j=m+l 

m 2m 

n n I] * (("^ ■ ~ ■ ^ ^^^O 

i=l j=m+l bij&q 
m 2m / 

^ n n ^ '^[i'^i- - det(a;i, . . . , a;-_i, a;*+i, . . . , a;^,) x 6^^- ) , 

i=l j=m+lbijeVg \ 
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where xj is the transpose of Xi with 1 < i < n. The last equahty is because: 

from XX^^ = J, we get a;* • ajj^^ = xjXi^^ = 6ji. Therefore, the hnear 
function 

y\ — >y- xc^ 

must agree with the hnear function 

y ^ det{x\, x\_^, y, a;*+i, ...,x'J. 

Let N be the number of matrices X G SL„(Fq) whose rows satisfy the 
equations: 

(4.3) Ui ■ Xj — deti^Xi, . . . , aJj_i, Vj, aJj^_i, • • • , x^) = 0, 

where 1 < i < m, m + 1 < j < 2m. 

Combining equations (14. ip . (14. 2p . and from the orthogonahty of charac- 
ters, we get 

(4.4) \K{SLn{¥g),U,V)\<N. 

Note that we aheady assumed Ui ^ 0. Take i = lj=m + lin (14.30 . 
We get 

(4.5) ui ■ x,m+i - dei{v^i, x\, a;^+i, . . . , a;^) = 0. 

Fixed X2, . . . , Xm, Xm+2, ■ ■ ■ ,Xn, viewiug (14.51) as a hnear function of 
Xm+i, if it is nontrivial, then the choices of x^+i satisfying (14.51) is q"'~^. 
Otherwise, (14. 5 p is always zero. Substituting x^+i for Xi with 2 < i < n, i ^ 
m + 1, we get Ui ■ Xi = 0. So the number of 0:25 • • • , x^, Xm+2, ■ ■ ■ ,Xn mak- 
ing (14. 5 p trivial is at most Therefore, the choices of X2, . . . ,Xn 
satisfying (14. 5 p is 

O (max{g"('^-^)-\g"("-i)~("-2)|^ _ q ^ 

since n > 3. For fixed values of X2, . . . , Xn, the number of Xi making det X = 
1 is 0(g"^^). Therefore, the number of X G SLn(Fq) satisfying (14.50 is 
0(g"'-2)^ Thus, N < 

By (14. 4p . we get the desired result: 

ir(SL„(F,),t/,F)«g"'-2, 

in the case that n is even. 

The case n being odd can be handled similarly. We briefly illustrate it. 
In that case, let n = 2m — 1 with m > 2. Replace the matrix 

Im B 

I-ui 

in (14. ip by the matrix 

Im 

where i?isam — Ixm matrix over F^. The rest are the same. □ 
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Remark 4.2. For n > 3, the above method can also be apphed to GL„(Fg) 
case, which shows that 

i^(GL„(Fp),f/,y,A^)<g"'-\ 

shghtly improving the earher bound g" of [5] (See Lemma [4. 11) . 
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